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A s  a prel iminary s t ep  i n  inves t iga t ing  t h e  dynamics of  a c o l l i s i o n l e s s  

plasma, a comprehensive l i t e r a t u r e  survey i s  conducted. Emphasis i s  placed 

on those  aspec ts  of  t h e  recent  t h e o r e t i c a l  development which may shed l i g h t  

on a b e t t e r  approximation f o r  t h e  so lu t ion  of t h e  Vlasov equations.  

A l l  r e l evan t  equat ions of c l a s s i c a l  mechanics, c l a s s i c a l  electrodynamics, 

and hydrodynamics a r e  e i t h e r  displayed i n  a suggest ive manner' o r  derived 

from fundamental p r i n c i p l e s  and incorporated i n  t h e  text of  t h i s  repor t .  

A b r i e f  bu t  se l f -conta ined  review of k i n e t i c  theory i s  given, and t h e  

microscopic hydrodynamical equations a r e  der ived on t h e  b a s i s  o f  t h e  Boltzmann 

equat ion fo r  a d i l u t e  neu t r a l  gas based on a hard s p h e r e  model. 

C la s s i ca l  s t a t i s t i c a l  mechanics is  cast  i n  a form which i s  p a r t i c u l a r l y  

s u i t e d  f o r  i t s  app l i ca t ion  t o  plasma dynamics. L i o u v i l l e ' s  theorem i s  

appl ied  t o  a r e l a t i v i s t i c  e l ec t ron  gas wi th  a p o s i t i v e  ion background. The 

Vlasov-Bolt,mann Equation i s  obtained from Liouvi l le l  s theorem on t h e  b a s i s  

o f  t h e  se l f - cons i s t en t  f i e l d  fomal i sm of Rostoker and Rosenbluth. 

The Born-Bogoliubov-Green-Kirkwood-Yvon Hierarchy i s  der ived from t h e  

r e l a t i v i s t i c  L i o u v i l l e ' s  equation. Correct ions t o  t h e  Vlasov-Boltzmann Equation 

i n  terms of  t h e  m u l t i p a r t i c l e  c o r r e l a t i o n  func t ion  technique a r e  a l so  discussed. 

Some recen t  r e s u l t s  on non-linear o s c i l l a t i o n s ,  plasma r a d i a t i o n ,  and 

conduc t iv i ty  w i l l  be surveyed i n  the next  repor t .  A gene ra l i za t ion  of  

integral-of- the-motion method t o  include r e l a t i v i t y  i s  a l so  planned. 

i i i  
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CHAPTER ONE 

INTRODUCTION 

1-1 Class i ca l  Mechanics i n  Canonical Form 

A. Lagrangian Formulation 

We consider  f i r s t  a dynamical system cons i s t ing  of n p a r t i c l e s  

hdving c.oordinates q ( i  = 1,29s ..n) and described by t h e  Lagrangian 
i 

The Lagrangian equations of motion 

a re  obtained from Hamilton's p r i n c i p l e  

with 

$fi ( end poin t / )  = 0 

Bo Hamilton's Formulacion 

A -4 

The Hamiltonian of a dynaxriical s y s t e m  o f  p a r t i c l e s  is defined 

i n  terms o f  t h e  general ized coordinates  and momenta, and i s  r e l a t e d  t o  



t h e  Lagrangian by t h e  

% = E  
i 

Legendre transformation 

wh er e 

Thea 

m d  iirmi_lton!s equatiofis of  motion a re  

8-1 

Tctroducing t h e  classical Poisson bracket 

2 



we the3  have 

6-3 

:..E Class i c  3 1  Electrodynamics 

A, The Ma~well Equations 

For t h e  sake of completeness and future re ference ,  l e t  us review 

here  ;-cry b r i e f l y  some of t h e  b a s i c  f e a t u r e s  of Maxwell's equations.  

G - l ~ s s i s n  uglts these are 

Zn 

For appl ic3 t ions  t o  plasma. physics p,= 1, K = 1, and B = H, D = E 
:he f r s e  space 3pproximation is sufficient, f o r  this po in t ,  s ee ,  
for ~ - ~ , m p l e ,  Reference 17. 

7 
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x3k% is chs equation of cont inufty.  

i..3rL\-.tnic3kly expressed in terms of  t he  s c a l d  dnd vector p o ~ . e f , z i , ~ l s  

The electromagnetic f i e l d s  can be 

--P m d  -b r e spec t ive ly ,  and these  are def ined  by  t h e  equatfoxs 

A- 2 

-4 
~ - 3 e r e  fL is an a r b i t r , j r y  scalar function o t  space and t i m e ,  Peavaa E and 

I3 f E V d P i d K i t .  
-v 

P ,  Tie Lorentz  Gwge and t h e  Covlomt Gauge 

4 



In view of .  t h e  freedom implied by the gauge t ransformation we can choose 

SO as t o  uncouple t h e  p a i r  of equations B-1 ,  thus :  

.F w i t h  soPut ions 

5- 2 

L 
gil7e7, The Lore5tz gauge (o r  r e s t r i c t e d  gauge) t ransformation is rhus 

8-4 

T For a d e r i v a t i o n  s e e g  for example, J. D, ~ J ~ G ~ s o ~ ,  Cldssieal E l e c t r o -  
dyaamics, pages 183-186, 

5 



h o t h e r  u se fu l  gauge i s  t h e  t ransverse  o r  Coulomb gauge, def ined by 

The p o t e n t i a l s  then s a t i s f y  t h e  following equat ions:  

+ 
t where t h e  t r ansve r se  cu r ren t  J is given by 

w i t h  

a?ld 

w i t h  

T f  

B -6 

C, The -Lorentz Force Equation and Electromagnetic Stress Tensor 

The electromagnetic force on a charged p a r t i c l e  i s  given by 

the Lorentz fo rce  

C - l  

6 



L 

I- 

From Newton's second l a w  we can write t h e  r a t e  of change of  t h e  p a r t i c l e ' s  

momentum as  

For a system of charged p a r t i c l e s ,  we have 

c -2 

We have converted t h e  sum over p a r t i c l e s  t o  an i n t e g r a l  over charge 

and cu r ren t  d e n s i t i e s  f o r  convenience. 

a t  any s t age  by making use of d e l t a  funct ions.  

t h a t  t h e  Lorentz fo rce  equation leads t o  t h e  conservat ion of  l i n e a r  momentum, 

The pa r t i c l e  na tu re  can be recovered 

It is  shown i n  r e fe rence  (9) 

t hus  : 

where 

c - 3  

7 



1-3 The Hydrodynamical Equations 

The c l a s s i c a l  hydrodynamical equations f o r  a n e u t r a l  non-conducting 

f l u i d  are 

I 

+ a P  v* ( f v ) + a t  = (Equations of  Cont inui ty)  

where p =- -- d e n s i t y  v v  
fl /= t o t a l  ntrmber of  p a r t i c l e s  i n  a volume v 
n= mass of each par t ic le ,  

and 2 

(Stokes-Navier Equation) 

where r= macroscopic f l u i d  ve loc i ty  

Consequently 

I 

2 

An elementary demonstration i s  given i n  Reference 14. -F 

8 



& + 
I f  T i s  diagonal and v-v=o, t h i s  becomes E u l e r ’ s  Equation: 

We a l so  have t h e  hea t  flow equation, 
CF 

3 

where ; 
H Q = heat  flow tensor  

T= stress tensor  
w 

= deformation tensor  

f = thermal energy dens i ty  

1-4, - Boltzmann Equation f o r  a D i lu t e  Neutral  Gas 

A. Boltzmann Equation 

We consider  a six-dimensional space D6 whose coord ina tes  a r e  

t h e  p o s i t i o n  and v e l o c i t y  of any molecule i n  a gas. The coordinate  

of  a po in t  P i n  t h i s  space i s  given by 

c= f - 
-fd The hydrodynamical equations w i l l  be der ived from an a tomis t ic  

po in t  of  v i e w  i n  Section I-5B. 

9 



where 
3 

4 1 L?i = r7 
t=/ 

\ @ . . . .  

- .  

The po in t  P determines t h e  s t a t e  of a s i n g l e  molecule by spec i fy ing  

i t s  p o s i t i o n  and ve loc i ty .  

The number of molecules which are i n  a volume 2: i n  t h i s  space are 

g iven  by t h e  d i s t r i b u t i o n  function 

The s t a t e  of t h e  gas  can thus  be  descr ibed i n  terms of t h e  motion of 

coord ina te  p o i n t s  i n  t h i s  space (D6). The v e l o c i t y  of a poin t  i n  D6 i s  

2 

Thus, each po in t  i n  D 

has a v e l o c i t y  i n  each of i t s  s i x  coordinates .  , I n  t h e  approximation o f  

a s h o r t  r m g e  molecular force,  (i.e. t h e  e f f e c t i v e  length  of molecular 

i n t e r a c t i o n s  is  s m a l l  compared t o  t h e  average i n t e r p a r t i c l e  d i s t ance ) ,  

o n l y  c l o s e  p a r t i c l e s  can c o l l i d e ,  and when they do c o l l i d e ,  p a r t i c l e s  

which a r e  i n  t h e  space p a r t  of 'I: 
c a n  c o l l i d e  wi th  p a r t i c l e s  i n  r. 

(corresponding t o  a molecule i n  physical  space) 
6 

but  not  i n  t h e  v e l o c i t y  p a r t  of 

On t h e  o the r  hand, p a r t i c l e s  i n  t h e  

10 



t 

v e l o c i t y  p a r t  of r b u t  not i n  t h e  space p a r t  o f  

p a r t i c l e s  i n  2' due t o  our a s s e r t a t i o n  of c l o s e  c o l l i s i o n  r e s u l t i n g  

from t h e  sho r t  range force  approximation. It is  c l e a r  t h a t  t h e  number 

of  p a r t i c l e s  i n  z m a y  be increased o r  decreased because of c o l l i s i o n .  

cannot c o l l i d e  wi th  

The t o t a l  time r a t e  of change i s  given by 

or 

I o  e, 

73, Col l i s ion  Term 

We next  evaluate  t h e  c o l l i s i o n  term expl ic . i t ly .  The number of 
+ 

c o l l i s i o n s  t ha t  occur between a p a r r l c l e  of  v e l o c i t y  and one of  
4 4 

v e l o c i t y  '1/ , leading t o  v e l o c i t i e s  v ' a n d  G' -+- 
1 i s  given by 

11 



where 

bdb 
$;nede 

w i t h  t h e  following meanings for the  no ta t ion  used: 

db= d i f f e r e n t i a l  c o l l i s i o n  c r o s s  s e c t i o n  

b = impact parameter 

8 = angle of s c a t t e r i n g  

dfl = s o l i d  ailgle 

-I/ + I  Simi la r ly  t h e  nmber  of c o l l i s i o n s  s t a r t i n g  wi th  and 2/;  , and 
- + - +  

l ead ing  t o  2/- and ‘1/1 , is  

A s  sumfng e l  ast Fea l ly  i n t e r  a c t i n g  p a r t i c l e s  of i d e n t i c a l  mass, then  

-t. 

The t o t d l  change i n  t h e  population of by c o l l i s i o n s  i s  then 

so t h a t  

-T- This follows from t h e  f a c t  t h a t  t h e  Boltzmann Equation i s  inva r i an t  
%S space invers ion  and our assumption of  a hard sphere model. 

12 



-? +- 
and when t h e  i n t e r a c t i o n s  are weak so t h a t  vis not a func t ion  of y- , 
and a is  e i t h e r  of t h e  form 

+ 

then  Boltzmannls E q u a t i o n i s  of  the form 

I- 5 

A. Microscopic Transfer  Equation 

We s h a l l  de r ive  t h e  macroscopic hydrodynamical equat ions from 

microscopic p o i n t  of view (i .e.  by us ing  t h e  Boltzmann Equation),  so 

t h a t  t h e  c l a s s i c a l  hydrodynamical equat ions can be pu t  on a more r igorous  

a tomis t i c  basis. We f i r s t  de f ine  an average o r  expectat ion va lue  of  a 

func t ion  of  veloc. i ty ,  space,  and time, as 
1 

We n o t e  t h a t  

SQ t ha t  
r 

13 



+ 
Now consider  only those  func t ions  which depend on alone. Then we have 

> 
+ Co/l/'siorr. t e r m  

s i n c e  

It i s  shown i n  Reference (13) t h a t  t he  average va lue  o f  t h e  c o l l i s i o n  

t e - m  can be put  i n  t h e  form 

We n o t e  t h a t  

+ 2 
vanishes  i f  is mu, or mu s ince  mass, momentum and energy 

a re  conserved i n  e las t ic  co l l i s ions .  

14 



B. Macroscopic Variables  

Tn order t o  descr ibe  t h e  macroscopic v a r i a b l e s  i n  terms of t h e  

micro sc3p ic  v a r i a b l e s  we introduce 

= mass d e r s i t y  P 
= f Puid v e l o c i t y  5 <nm*> 

<nm) 

= stress tensor  T 

We s k i 1 1  deduce t h e  hydrodynamical equations i n  terms of  t h e  above 

def:Pftior,s 

15 



SQ using t h e  equation o f  cont inui ty ,  we have 

16 



! 

i 
I .  
I 

t - ) A  A p e l - !  \ e  , whence or i n  vector notation, " .da  

'This i s  the Stokes-Navier equation. When the s tress  tensor i s  diagonal, 

Whence: 
n 



FrDm t h e  equation of  motion and t h e  equat ion of  con t inu i ty  we have 

. .  
and 

I, e ,  

This  conc,lsdes oar  review of  c l a s s i c a l  physics ,  

18 



CHAPTER TWO 

CLASSIC-& ST4TISTTCAL MECHANICS 

We consfder a dgnirmical system of  f degrees of freedom, descr ibed 

by a eocserva t ive  Hamiltonian 

.&ere qijpi  i i  = l , S , . . , f )  are t h e  general ized coord ina tes  and momenta 

of' Eke Hamiltonian, For ins tance ,  f o r  a system conta in ing  n point: 

m31ec:uleS9 f = 3n, and qi;pi are the  ordinary p o s i t i o n  coord ina tes  

,.tnd liraear momentum components. On t h e  o the r  hand, f o r  a system of  

fi vibrn"tqg frorating diatomic molecules, f = (3+3) n = 6n, owing t o  

t h e  t ~ m  r a t a c i o n a l  degrees of freedom and one v i b r a t i o n a l  degree of 

fr=ledom. Then the system i s  uniquely determined by Hamilton's equat ions 

i F o P P Y K ~ ~  Ehre2fea?,y the space of 2f dimensions D def ined by t h e  gi; p 2f 

wfE1 b e  cAPcd t h e  r - s p a c e  or phase spaceo 

coord i id t e s  f o r  the monoatomic gas9 and P2n coordinates  fo% t h e  non-rigid 

diarom5e g i s .  Jne instnntaneous s t a t e  of  2 system is represented  by a 

p o i n t  in c h i s  space9 and t h e  poinr. descr ibes  a t r a j e c t o r y  i n  t h e  r - s p a c e  

corresponding t o  t h e  instantaneous st&es of t h e  dynamical system a t  each 

FOP example, t h e r e  are 6n 



i r s t a ~ t o  That t h i s  t r a j e c t o r y  does not  i n t e r s e c t  i t s e l f  i s  evident  

fl-am t h e  f x t  t h a t  iP,anflton's equation is of  f i r s t .  o rder  i n  t ime, so 

t h , ~ r _  .ckc.(.,  must b e  ot3ly s i n g l e  valued so lu t ions  and thus  a unique 

t r l i j ec t a ry  through m y  point .  The t r a j e c t o r i e s  o f  any two po in t s  

c.r?not i n t e r s e c t ,  became then they would be t h e  same system at t h e  

poins  of i n t e r s e c t i o n ,  Then each poin t  tias a ve loc i ty  i n  t h i s  r-space, 
given by Che 2f-dimensional vector  : 

w3PcR i s  def ined a t  every poin t  along its t r a j e c t o r y .  

if we h;ve a po in t  i n  r - s p a c e ,  corresponding to a given systemp 

r heD cn; rL+igr'borhsad drotnd this p o i m  includes po in t s  corresponding 

to systems which a r e  very similar t o  t h e  given system. For ins tance ,  

i.n the esse of  t h e  mo3oatomic gas they may be  systems i n  which one 

moPec,le h . 3 ~  bee2 disp laced  by some d i s t ance  $J$ or scme momentum 6p . 
Stace : ! - i ~ ~ e  hypzEhetical  displacements may be  made as  small as we wish, 

LrLe r a t e t  of sysrans  wiihi? a g i v e n  vo~tjii ie in tt'e r- ;pace  

a - d e  as !drge as des i r ed ,  and coosequenEly we may def fne  a dens i ty  o f  

sysrms 

sL:@e the  ~ y s t e m s  w e  no t  destroyedo 

whfch m3y be  made a rb i t r3 r i l . y  l a rge ;  but which i s  conserved, 

Therefore,  we have an equacion of 
P 

2 

20 



I 
i 
i I 

I 
I 
I 
I 
I 
I 
I 
I 
! 

:$>ere p = density of systems in r - s p a c e  ( i . e .  ensemble density) 

+ u- Velocity of a point which determines the instantaneous s ta te  

of a system i n  r - s p a c e  

But i s  just the rate of change of density i n  a f lu id  that moves at a 
+ 

velocity 'I/. Thus the motion of the phase points i n  the r - a p a c e  5s 

l i k e  that of an ircompressible fluid, since 

I r 
and 

where 

21 



Thus the  v o l u m e r  occupied by the phase po in t s  i n  f - space  does not  

change. 

by observing t h a t  t h e  shape o f  the volume may change. 

obvious can be seen from t h e  example of  two systems, t h e  molecules of  one 
a l l  moving i n  a para l le l  d i r ec t ion  a t  a uniform v e l o c i t y ,  and t h e  o the r  

having one molecular ve loc i ty  displaced through a small angle. 

a r e  perpendicular r e f l e c t i n g  w a l l s ,  t h e  f i r s t  system w i l l  continue i n  

the same p a t t e r n  a f t e r  r e f l e c t e d  from t h e  wa l l ,  while t h e  second system 

w i l l  have intermolecular  c o l l i s i o n s  and f i n a l l y  reach some equilibrium 

configurat ion.  

passed by a group of phase po in t s  i s  constant .  

The analogy with an. incompressible f l u i d  can be c a r r i e d  f u r t h e r  

That t h i s  i s  

I f  t h e r e  

Bt t  n9 mat te r  how t h e  shape may change t h e  volume encom- 

In terms of  the Poisson bracket defin.ed i n  Sect ion I-By L i o u v i l l e ' s  

theorem can be  put  i n  a more convenient form: 

d h a s  c 

4 

22 



t 

IT-2 The H-Theorem and Canonical Ensemble 

A fundamental r e s u l t  of k i n e t i c  theory and s t a t i s t i c a l  mechanics 

i s  the  Boltzmann H-Cheorem. For  a c l a s s i c a l  system t h e  E-theorem t can 

be put  i n  t h e  form 

dH - <  0 d-t ' 
where 

is the ensemble dens i ty  func t ion  i n  r - s p a c e ,  and 

f 

The H-theorem can be s t a t e d  as follows: 

Subject t o  xhhtever cons t r a in t s  which may be imposed on t h e  system, t h e  

q u a n t i t y  H approaches a minimum value i n  t h e  passage of  time and remains 

a t  t h a t  va lue  f o r  an undisturbed system. The system i s  then i n  s ta t is-  

t i c a l ,  o r  thermodynamic, equilibrium. 

For a r igosoas  treatment for t h e  H-theorem see,  f o r  example, 
R.eference 6 ,  

-t 

23 



We s b r i l  app ly  che H-theorem t o  find the equi l ibr ium of t h e  Gibbs 

T ! x  sg;,tem:, o f  t he  ensemble may be thought of  as i n t e r a c t i n g  very 

s i i g l x i y  ‘Gifth each o ther  so as t o  be ab le  t o  exchange energy i n  such a 

w . i y  e?lsz tne energy of  t h e  e n t i r e  ensemble remains constmt .  

E+ ‘;I2 b y  - a d  these are  added t o  t h e  variation of H, i e e . 9  

f 
0 
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i -  
I 
I 
I 
I 
I 

l 

or 

m d  so, 

e p=c 

t= I 

and slnce 

4 

5 

J 
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6E+6W 
8 -hH = 

We i d m t i f y  -icd w i t h  the entropy of t3e  system, /k with the 

temper-Lta.re T, and with the free energy, Then Eg. ( 7 )  becomes 

7 
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2nd 

From t 3 e  H-theorem, we thus  have 

0, dH aH 
dt=3t 

ar?d since 

S = -4-l 

The H-t%eorem is then a statement of t h e  thermcdynamical law t h a t  

for an i s o l a t e d  system t h e  entropy tends t o  a m a x i m u m  value a t  equi l ibr ium, 

and that  t h e  entropy o f  t h e  universe always increases  f o r  i r r e v e r s i b l e  

processes. 
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CHAPTER THREE 

THE DYN-AMICS OF MANY-PARTICLE SYSTEMS 

T 111-1 The Method of Se l f -cons is ten t  F i e lds  

It is  wel l  known i n  atomic physics t h a t  an excellent approximation 

f o r  so lv ing  t h e  many e l ec t ron  atoms is t o  descr ibe  t h e  motion o f  a given 

e l e c t r o n  ia t h e  atom by assuming tha t  t h e  fo rces  experienced by t h i s  

e l e c t r o n  are due t o  t h e  averaging Coulomb f i e l d s  of t h e  nucleus and a l l  

t h e  o t h e r  e lec t rons .  It i s  phys ica l ly  reasonable  t o  expect t h a t  a s i m i -  

l a r  method c2n be  applied t o  a plasma, Thus, t h e  motion of  a given 

p a r t i c l e  i n  t h e  plasma may be obtained by consider ing t h e  forces  ex- 

per ienced by t h i s  p a r t i c l e  due t o  the ex te rna l ly  appl ied electromagnet ic  

f i e l d s  p lus  t h e  microscopical ly  smoothed f i e l d s  due t o  t h e  motions of 

a l l  o f  t3e o the r  nearby p a r t i c l e s  in t h e  plasma, This means t h a t  i n s t ead  

o f  having t o  so lve  f o r  t h e  p r e c i s e  o r b i t s  o f  a l l  of  t h e  p a r t i c l e s  i n  each 

o t h e r ' s  f l u c t u a t i n g  fo rce  f i e l d s ,  we need t o  so lve  only  f o r  t h e  motion 

o f  a ',yplcz1 p a r t i c l e  i n  t h e  microscopical ly  smoothed electromagnet ic  

f i e l d s ,  

d i f f e r e n t i a l  eqzations ( t h e  Boltzmann-Vlasov equat ions)  t h a t  desc r ibe  

the evolu t ion  of  t h e  d i s t r i b u t i o n  funct ion of  a t y p i c a l  p a r t i c l e  i n  t i m e  

and t h a t  d i r e c t l y  involves  t h e  smoothed f i e l d s .  

i s  then  formally csed t o  compute the microscopic charge and c u r r e n t  d e n s i t i e s  

The c e n t r a l  problem of t h i s  approach i s  to  f ind  t h e  p a r t i a l  

This  d i s t r i b u t i o n  func t ion  

p r e s e n t  i n  t h e  plasma. 

f u n c t i o n a l s  of  t h e  electromagnet ic  f i e l d s )  a r e  then  i n s e r t e d  i n t o  Maxwell's 

equa t ions  t o  y i e l d  ti "se l f -cons is ten t"  so lu t ion .  

These charge and cu r ren t  d e m i t i e s  (which are already 

The r e s u l t i n g  mathematical 
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problem is  c l e a r l y  non-linear and very approximate methods of  so lv ing  

even t h i s  s e l f - cons i s t en t  approximation must be  used. 

Tbis  s i n g l e  p a r t i c l e  d i s t r i b u t i o n  func t ion  conta ins  a l l  t h e  p o s s i b l e  

information about t h e  dynamical behavior of t h e  system s ince  d i f f e r e n t i a l  

equat ions t h a t  involve only  phys ica l ly  i n t e r e s t i n g  microscopic observables  

may be obtained from t h e  Boltzmann-Vlasov equat ions i n  a way similar t o  

t h a t  used f o r  de r iv ing  t h e  c l a s s i c a l  hydrodynamical equations from t h e  

Boltzmann t r a n s p o r t  equation. However, a c losed  set  of equat ions cannot 

be  obtained i n  t h i s  way. For i f  we t a k e  a c e r t a i n  moment of  t h e  Boltzmann- 

Vlasov equat ions i n  order  t o  f ind  out how a given quan t i ty  develops i n  

C i m e ,  we f i n d  invar iab ly  t h a t  t h i s  evolut ion i n  time depends on another 

h igher  moment. 

o f  equaticins somewhat a r b i t r a r i l y .  

c o e f f i c i e n t s  and c e r t a i n  phenomenological r e l a t i o n s  (such as Ohm's Law) 

combined wi th  t h e  moment equat ions w i l l  l e ad  t o  a-set of  equat ions known 

as t h e  magnetohydrodynamical equations which are s t i l l  not  too  easy t o  

so lve  i n  most ca ses  of  i n t e r e s t .  

The customary practice has been t o  c l o s e  t h i s  sequence 

The in t roduct ion  of  a set  of t r a n s p o r t  

111-2 Ham5ltonfs - Equation f o r  a Charged P a r t i c l e  i n  External  F i e lds  

The Hamiltoaian f o r  a r e l a t i v i s t i c  charged p a r t i c l e  i n  an ex te rna l  

f i e l d  de r ivab le  from a scalar and vector p o t e n t i a l  can be w r i t t e n  as 
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where 

p a r t i c l e ,  and 

is t h e  (genera l ized)  momentum, m, i s  t h e  res t  mass of  t h e  F 
e = charge c a r r i e d  by t h e  p a r t i c l e  

c = speed of  l i g h t  

= t h e  scalar p o t e n t i a l  of t h e  ex terna l  f i e l d  

+ -  A - t h e  vec tor  p o t e n t i a l  of t h e  ex terna l  f i e l d  

The Hamilton's equations of motion are 

On making use of Eq. 1, t h e  f i r s t  o f  equations 2 becomes 

s i n c e  

It fol iows t h a t  

3 
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Now 

?"he%efurr .:%e secoxl  of equat ions 2 gives 
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c 

Since 

From equstion 3 we hc;ve 

Coa'bixe equat ions 4 and 5 :  

--+ 
Take ,?he d o t  product  of 5 '  b y v  and we get 

Now 

32 
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and 

wl-iish i s  t h e  Eosentz-Nevton equation of  motion i n  r e l a t i v i s t i c  form. 

Tn the no?-relaeivis t ic ,  l i m i t ,  i.e. neglec t ing  (3 ,and higher order 
2 
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ilerms, Eq, 6 becomes t h e  f ami l i a r  Lorentz f o r c e  equation: 

7 

fII-3 L i o u v i l l e ' s  Eqslation fo r  a R e l a t i v i s t i c  Charged P a r t i c l e  i n  an 

Exterxil F ie ld  -- 

The E i a u v l l l e  equation i s  

where is t h e  d t s t r i b u t i o n  function or dens i ty  funct ion,  i.e. t h e  

t 4 
defixed before. 

Tor a s i n g l e  p a r t i c l e  t h e  Poisson bracket  becomes 

+ 
( p = rnechaTica1 mometltum of the p a r t i c l e )  

t - p  is t h e  many p a r t i c l e  d i s t r i b u t i o n ,  but  f i s  a sizlgle p a r t i c l e  
d is ' i r  t bu t io2  f c i c t i o n  

+ 4 p = )'Vi&u i s  t h e  mechanical momentum i n  t h e  absence o f  f i e l d s ,  
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I -  
/, 

Sins e 

where 

Gie now transform the izdeperident variables according t o  

Ca-rzy tzg  DILL the fndicaLed c h n g e  o f  variables,  we  have 

5 
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i .e. + +  
7 a f  I ---)- P X B  ] 7 = 0  af  

a t  -t--P*o{+b[iT+ Ym* J J--FTii@ f 

Eq. 7 i s  t h e  des i red  L i o u v i l l e  equation i n  r e l a t i v i s t i c  form. This 

equat ion may be i n t e r p r e t e d  a s  t h e  Boltzmann-Vlasovtequation provided 

we i n t e r p r e t  t h e  s i n g l e  p a r t i c l e  d i s t r i b u t i o n  funct ion i n  t h e  s e l f -  

c o n s i s t e n t  f i e l d  approximation, and t h e  f i e l d s  z a n d x  r ep resen t  t h e  

sums of  t h e  ex terna l  f i e l d s  and t h e  so lu t ion  of Maxwell 1 s equat ions 

w i t h  charge and cu r ren t  d e n s i t i e s  expressed i n  terms of t h e  d i s t r i b u t i o n  

func t ion  f($zt) by t h e  formulas 

--z 
We n o t e  t h a t  it is  equat ion 7 with  the  i n t e r p r e t a t i o n  of B and implied 

by equat ion 8 t h a t  w i l l  be c a l l e d  the r e l a t i v i s t i c  form of theB-V equation. 

A r igorous  demonstration of  t h i s  a s s e r t i o n  w i l l  be given i n  Chapter IV-2. t 
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We shal l  return t o  the detai led proof i n  Chapter IV for the equivalence 

o f  the B-V equation and the Liouville equation for a s ingle  part ic le  

i n  the self-consistent  treatment. 

+ 4 - s  
We now transform Eq. 7 from )" T t t O  r t The trans- 

formation is c lear ly  given by 
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9 

and so 

= o  

= O  

In the  non-re lat iv is t ic  limit, we get 

30 



111-4 Hamilton's Equations f o r  a Many-Particle System 

The Hamiltonian f o r  a many-particle sys t an  subjected t o  ex terna l  

u2 by t h e  f i e l d s  represented by A(T?,t) and y(i?,t) i s  given to  order  - 

Darwin Hamiltonian 

+ 
$ 

+ +  
wheref i . ,  6 are t h e  momenta and coordinates  of t h e  i t h  p a r t i c l e  and 

y$ zX-5 . The meanings of t h e  f irst  t h r e e  terms are obvious. The 
+ 

f o u r t h  term rep resen t s  t h e  magnetic i n t e r a c t i o n s  between t h e  p a r t i c l e s .  

W e  n o t e  t h a t  t h i s  term, which is of order  - vz compared t o  t h e  o the r  

terms, c a n R O t  be  cmit ted because the e f f e c t s  produced by t h i s  term may 
CZ 

a c t u a l l y  be q u i t e  appreciable  i f  the p a r t i c l e s  behave i n  a c o l l e c t i v e  

way so t h a t ,  f o r  , ins tance ,  l a r g e  induced magnetic f i e l d s  a r e  produced. 

In  t h i s  ca se  t h e  expansion parameter i s  not a c t u a l l y  t h e  quan t i ty  - 

but  r a t h e r d t h i s  quan t i ty  mul t ip l ied  by t h e  number of p a r t i c l e s .  

7.r2 
c2 ' 

Therefore,  

f o r  many systems of i n t e r e s t  t h e  magnetic i n t e r a c t i o n  term may p lay  a 

much more important r o l e  than t h e  Coulomb i n t e r a c t i o n  term. 
'. . 

This would 

happen, fo r  example, i f  t h e  p a r t i c l e s  a r e  d i s t r i b u t e d  wi th  uniform dens i ty  

so t h a t  on t h e  average t h e  Coulomb repuls ions  cancel  each o ther  out .  
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Hamilton's equations f o r  t h i s  many-part ic le  system are 

t W e  s h a l l  rewrite t h e  Hamiltonian as follows: 

where 

and 

It i s  clear t h a t  K is t h e  i n t e r a c t i o n  energy of t h e  ind iv idua l  p a r t i c l e s  

w i t h  t h e  ex te rna l  f i e l d s ,  and V is t h e  i n t e r a c t i o n  energy between t h e  

p a r t i c l e s ,  i.e., Coulomb in t e rac t ion  and magnetic i n t e rac t ion .  

To proceed f u r t h e r ,  we prove t h e  following lamas: 

where 

ji' For s i m p l i c i t y  t h e  l a s t  terms i n  t h e  Darwin Hamiltonian, which is  
p u r e l y  r e l a t i v i s t i c ,  has been neglec ted  and we have s e t  mi = m, 
e = e. i 
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Proof : 

Proof : 

.. 
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W e  sha l l  write down Hamiltonls equations of motion for  the c l a s s i c a l  

many-body problem and show the equivalence o f  Hanilton's equations 

o f  motion and the Newton-Lorentz equation of motion. 
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where 

F= generalized t o t a l  momentum of 

x= vector potential 
i 

.= vector potential 
par t i c l e s  except  

i t h  par t i c l e  

o f  the externally applied f i e l d  

of the externally applied f i e l d  

of internal f i e l d  produced by a l l  of the 
par t i c l e  i 

of internal f i e l d  resulting from a l l  of 
the plasma except the i t h  part ic le .  

gi= scalar potential 
the particles i n  
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b ec aus e 

A - 1  

The las t  term on t h e  r i g h t  hand s i d e  o f  t h e  above equation is  of order  

i.e. l r 3  
c3 
- 

because t h e  second term on t h e  l e f t  hand s i d e  of equation A-1  vanishes 

i d e n t i c a l l y .  So 

4 -iL 4 + 
where =-i? ( 5  >t.), f$=&f)are the given ex te rna l  f i e l d s ,  and & (T>t) + 
and $(Tt) t h e  f i e l d s  produced by a l l  p a r t i c l e s  (except t h e  i t h ) ,  

t h a t  ‘is, and 8 a r e  t h e  so lu t ions  of  Maxwell’s equations wi th  charge 

and c u r r e n t  d e n s i t i e s  given by 
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and 

where t h e  subsc r ip t  ffi" f o r  
, % , etc. has been c o n s i s t e n t l y  

dropped. 

111-5 L i o u v i l l e l s  Theorem f o r  a Many-Particle System and Its Reduction 

We consider i n  t h i s  s e c t i o n  t h e  i n t e g r a t i o n  of  L i o u v i l l e ' s  equation 

f o r  a many-part ic le  system i n  r - s p a c e .  

(n) The f a c t  t h a t  L i o u v i l l e ' s  d i s t r i b u t i o n  func t ion  F is  a func t ion  

of  t h e  coord ina tes  and momenta of a l l  t h e  p a r t i c l e s  as w e l l  as t h e  time 

causes  not on ly  mathematical complexity but conceptual d i f f i c u l t y  as well .  

Conceptual d i f f i c u l t y  arises pr imar i ly  because normally we do not t h ink  

i n  terms of d i s t r i b u t i o n s  i n  l a r g e  numbers of p a r t i c l e s  but r a t h e r  i n  

terms of d i s t r i b u t i o n  func t ions  t h a t  are based on one o r  poss ib ly  two 

o r  t h r e e  p a r t i c l e s .  

Moreover, t h e  many-particle d i s t r i b u t i o n  func t ion  conta ins  a g r e a t  

d e a l  of  information including, f o r  example, i n t e r p a r t i c l e  c o r r e l a t i o n s  

o f  va r ious  orders.  For most phys ica l ly  i n t e r e s t i n g  s i t u a t i o n s  one 

a n t i c i p a t e s  only a very  small number of these  c o r r e l a t i o n s  t o  p l ay  an 
(n 1 

important  role .  Thus, it is clear t h a t  F should hopeful ly  be reducable  

t o  d i s t r i b u t i o n  func t ions  involving only  small numbers of p a r t i c l e s  by 

averaging ou t  t h e  coord ina tes  and momenta of t h e  remaining l a r g e  c o l l e c t i o n  

o f  p a r t i c l e s .  
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For s impl i c i ty ,  we consider a system of charged par t ic les  of only 

m) 
one spec ies  and t h a t  F 
coord ina tes  and momenta of any two p a r t i c l e s .  The S - p a r t i c l e  d i s t r i b u t i o n  

func t ion  F 

is symmetric with r e spec t  t o  exchange of t he  

(s 1 
($<< N) is obtained by averaging over t h e  coord ina tes  and 

momenta of t h e  remaining p a r t i c l e s ,  i.e. 

and has  t h e  i n t e r p r e t a t i o n  t h a t  t h e  quant i ty  

t= 1 

is t h e  j o i n t  p r o b a b i l i t y  a t  time t t h a t  a p a r t i c u l a r  c o l l e c t i o n  of S 

p a r t i c l e s  w i l l  be  loca ted  ( i n  physical  space) a t  pos i t i ons  
+ 4 

5, * 0 ,  5 
i n  t h e  ranges d35 ,  d35 ) -  - - )  $%respectively,  and wi th  momenta 
+ +  # &,; * >x i n  t h e  ranges d3h, d3b,-- .$&, independent of t h e  loca t ions  

and t h e  states of motion of t h e  remaining/V-S p a r t i c l e s .  

We have shown i n  Sections-f t h a t  L i o u v i l l e * s  theorem f o r  a 

many-part ic le  system governed by a Hamiltonian H can be w r i t t e n  as  

d F " )  - + [F"', #] = 0 d t  
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or more exp l i c i t ly ,  

We now integrate (1 )  over the coordinates and momenta o f  a l l  the 

par t i c l e s  except, say, for those part ic les  numbered 1,2,3, .  ..S, where 

S << N, thus: 

The l a s t  term can be evaluated i n p - s p a c e  by Gauss's theorem as follows: 

I 

50 



t h e  famous Bogoliubov-Born-Green-Kirkmod-Yvon Hierarchy f o r  a f u l l y  

ion ized  plasma wi th  Coulomb i n t e r a c t i o n  i n  t h e  r e l a t i v i s t i c  form as wel l  

a s  i n  t h e  n o n - r e l a t i v i s t i c  form in the following sec t ion .  

51 

where 

and 

Consequently , 

To proceed f u r t h e r ,  we s epa ra t e  t h e  Hamiltonian i n t o  two p a r t s ,  namely, 

a non- in te rac t ing  p a r t  Ho and an i n t e r a c t i n g  p a r t  V, thus:  

and L i o u v i l l e '  s equation becomes 

o r  

We s h a l l  u se  t h i s  convenient S -pa r t i c l e  d i s t r i b u t i o n  func t ion  t o  d e r i v e  



CHAPTER FOUR 

THE BOLTZMANN-VLASOV EQUATION ON THE 

BASIS OF THE SELF-CONSISTENT FIELDS 

IV-1  In t roduct ion  

We s h a l l  de r ive  t h e  Vlasov-Boltzmann equations on t h e  b a s i s  of t h e  

se l f - cons i s t en t  f i e l d  approximation. I n  order  t o  ga in  a deeper i n s i g h t  

i n t o  t h e  physics  involved, l e t  us consider f i r s t  t h e  r e l a t e d  problem of 

obta in ing  a mathematically t r a c t a b l e  equation from L i o u v i l l e ' s  theorem 

f o r  t h e  case  of a d i l u t e  n e u t r a l  gas. 

from a plasma i n  t h a t  t h e  intermolecular fo rces  a r e  sho r t  range i n  con- 

t r a s t  t o  t h e  long-range Coulomb forces  i n  a plasma. For t h e  case of a 

d i l u t e  n e u t r a l  gas,  Bogoliubov has given a new de r iva t ion  of t h e  Boltzmann 

equat ion by expanding t h e  s o l u t i o n  of  L i o u v i l l e ' s  equat ion i n  a power 

series i n  terms of a small parameter &which is given by 

This system is b a s i c a l l y  d i f f e r e n t  

oc = 717;;~ 
where n i s  t h e  p a r t i c l e  dens i ty ,  and is  t h e  range of molecular force.  

For t h e  case  of a gas cons i s t ing  exclusively of n e u t r a l  p a r t i c l e s ,  t h e  

fo rce  range is of order  10-8cm and thus  even f o r  d e n s i t i e s  as  l a r g e  

a s  lo2' p a r t i c l e s  per cubic  centimeter a is  n e g l i g i b l e  compared t o  

uni ty .  

a s  being a measure of t he  p robab i l i t y  t h a t  var ious numbers of p a r t i c l e s  

w i l l  c o l l i d e  simultaneously. 

then  it is very un l ike ly  t h a t  more than two p a r t i c l e s  w i l l  ever s u f f e r  a 

The magnitude of t h e  expansion parameter a may be thought of 

Thus, if & i s  very small compared t o  un i ty ,  
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simultaneous c o l l i s i o n ;  and, consequently, one expects t h a t  t h e  Boltzmann 

equation, which allows only f o r  binary c o l l i s i o n s ,  w i l l  c o r r e c t l y  desc r ibe  

t h e  system. On t h e  o t h e r  hand, f o r  l i q u i d s  where i s  of o rde r  un i ty ,  

one expects t h a t  t h e  Boltzmann equation can be modified such t h a t  t h r e e  

o r  four p a r t i c l e - c o l l i s i o n  terms are  considered. 

body problem i n  c l  a s s i c a l  mechanic s, t h e s e  mu1 t i-p art  i c l  e "co 11 i s ions"  

complicate t h e  a n a l y s i s  enormously and a r e  one of t h e  reasons why a 

s a t i s f a c t o r y  theory of t h e  l i q u i d  s t a t e  is  s t i l l  lacking. 

J u s t  l i k e  t h e  t h r e e  

Consider next t h e  p o s s i b i l i t y  of using t h e  b ina ry -co l l i s ion  form 

o f  t h e  Boltzmann equation t o  descr ibe  a plasma. It is  easy t o  s e e  t h a t  

a w i l l  always be very  l a r g e  r ega rd le s s  of t h e  p a r t i c l e  dens i ty  because 

t h e  range of t h e  Coulomb f o r c e  is e s s e n t i a l l y  i n f i n i t e ,  and t h a t  Bogoliubov's 

approach would lead t o  a d ivergent  power s e r i e s .  In terms of our i n t e r -  

p r e t a t i o n  of t h e  p a r a m e t e r a ,  t h i s  would mean t h a t  most o f  t h e  p a r t i c l e s  

i n  t h e  plasma a r e  cons t an t ly  i n  simultaneous c o l l i s i o n .  However, t h e  

phys ica l  p i c t u r e  i s  no t  q u i t e  so because each p a r t i c l e  i n  t h e  plasma is 

screened from o t h e r  p a r t i c l e s  which are o u t s i d e  t h e  Debye sphere  wi th  

s h i e l d i n g  r a d i u s  

where 

t h e  abso lu te  temperature of t h e  plasma. 

be used a s  t h e  range, i n  t h e  expansion parameter, thus:  

i s  t h e  p a r t i c l e  dens i ty ,  5 is t h e  e l e c t r o n i c  charge, and ; r ep resen t s  

It is  t h e  Debye r a d i u s  t h a t  should 

53 



I .  

and t h i s  shows t h a t  on t h i s  b a s i s  as w e l l ,  & , i s  s t i l l  very l a r g e  com- 

pared t o  un i ty  f o r  most phys ica l ly  i n t e r e s t i n g  plasmas. 

a t  a temperature of  10 K, a s  t h e  p a r t i c l e  dens i ty  v a r i e s  between 10I6and 10 

For example, 
5 12 

covers  t h e  range from 10 t o  1000; consequently, t h e  p a r t i c l e s  i n  

t h e  plasma w i l l  s u f f e r  repeated, mu l t ipa r t i c l e ,  and simultaneous c o l l i s i o n s  

and so t h e  b inary-col l i s ion  form of t h e  Boltzmann equation i s  no longer 

v a l i d  f o r  a plasma. This uncomfortable s i t u a t i o n  might appear f r u s t r a t i n g ;  

however, we s h a l l  demonstrate that  t h i s  simultaneous m u l t i p a r t i c l e  c o l l i s i o n  

i s  a c t u a l l y  a saving grace  f o r  s implifying t h e  t h e o r e t i c a l  treatment of a 

plasma because t h i s  i s  t h e  very  basis on which the  se l f - cons i s t en t  f i e l d  

method is  b u i l t .  Qua l i t a t ive ly ,  i t  is easy t o  see  fo r  a l a r g e  va lue  of 

a, t h a t  only i f  t he  p a r t i c l e s  move i n  a coherent or  c o l l e c t i v e  fashion 

w i l l  a t y p i c a l  p a r t i c l e  i n  t h e  plasma experience an appreciabie  force. 

Furthermore,. such fo rces  can be expected t o  be much more smoothly behaved 

func t ions  of  space and time than  the  forces  produced by t h e  much r a r e r  

m u l t i - p a r t i c l e  Itcollisionst ' .  Thus, t o  lowest order  we could r ep lace  a l l  

i n t e r p a r t i c l e  forces  by microscopically smoothed electromagnetic f i e l d s .  

Each p a r t i c l e  moves independently in  t h e  microscopic smoothed e l ec t ro -  

magnet ic  f i e l d s  produced by a l l  the o ther  p a r t i c l e s ,  and each p a r t i c l e  

has  a w e l l  defined t r a j e c t o r y  j u s t  l i k e  t h e  independent p a r t i c l e  model 

o f  the nucleus i n  which each nucleon moves independently wi th  a well  
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def ined  o r b i t  i n  t h e  average p o t e n t i a l  produced by a l l  t h e  o the r  nucleons. 

The independent t r a j e c t o r i e s  of t h e  p a r t i c l e s  g ive  r i s e  t o  microscopic 

charge and cu r ren t  d e n s i t i e s  which i n  t u r n  produce those  f i e l d s  t h a t  

w i l l  determine t h e  motions of t h e  p a r t i c l e s  i n  a s e l f - cons i s t en t  way. 

It w i l l  be shown i n  t h e  next s ec t ion  t h a t  t h i s  method of s o l u t i o n  t u r n s  

o u t  t o  be equivalent t o  t h e  one obtained by so lv ing  f o r  t h e  s i n g l e - p a r t i c l e  

d i s t r i b u t i o n  func t ion  (from t h a t  form) of t h e  Boltzmann equation t h a t  is  

obtained by omi t t ing  t h e  c o l l i s i o n  term but supplementing t h e  ex te rna l  

f o r c e  terms i n  t h i s  equation wi th  the smoothed, s e l f - cons i s t en t  f i e l d s .  

The f i e l d s  are obtained by so lv ing  Maxwell’s equations wi th  charge and 

c u r r e n t  dens i ty  expressed i n  terms of t h e  d i s t r i b u t i o n  function, and t h i s  

set o f  equations,  namely, t h e  c o l l i s i o n l e s s  Boltzmann equation p lus  t h e  

above described form of Maxwell  equations, w i l l  be r e f e r r e d  t o  as t h e  

Boltzmann-Vlasov equation from now on. 

IV-2 The Boltzmann-Vlasov Equation 

The N-par t ic le  L iouv i l l e  eqrtation is 

i = l  
o r  
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where u=%+ v is the Darwin Hamiltonian, i . e .  

If equation (1 )  is integrated over the coordinates and momenta o f  a l l  

o f  the particles except those for, say number 1,  we find 

where 

t = 3  J = l  t - 3  
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and where the second step 

follows from the independent trajectory Ansatz. Similarly 

and 

To proceed further, we s ta te  the following lemmas (these were proven 

before) : 

Lemma lo 
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. 

Lemma 2" 

where 

Lemma 3' 

A. 
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By Lemna 2 O ,  
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Then we have 

We now change the variables according t o  

+ +  
7 ,  ?I] t- 

and omit the subscript 1: 

_j af -+v.-.r+-[ +af  e E + -+ & I' +,vx(BI+ lp) ] .7- -0 af - ar wL au at 
have been dropped, and with u3 

c3 where all terms of order - 
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CHAPTER FIVE 

THE BOGOLIULOV-BORN-GREEN-KIRKWOOD-WON HIERARCHY 

v- 1 The B-B-G-K-Y Hierarchy in Non-Relat ivistic Form 

W e  shal l  f i r s t  treat  the non-relat ivist ic  case,  and using the 

Darwin Hamiltonian 

/ 

The 

and 

For 

?$- 

non 

the interacting part is  given by 

s implicity,  we consider the Coulomb interaction only,  thus: .\ / n 
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where 

Substituting these into the S-particle Liouville'  s equation we  have 
" 
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Now 

Thus we have 

Performing the indicated change of variables we obtain the non-re lat iv is t ic  

Born-Green Hierarchy: 

i= I 

v 5- 1 
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V-2 The B-B-G-K-Y Hierarchy in Relat ivist ic  Form 

We have shown in  the l a s t  chapter that the S-particle distribution 

function s a t i s f i e s  the equation 

Consider the 

L'I 

For s implicity,  we again neglect 
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Therefor e 

h = S  + I  7 

4 
W e  can also express the above equation i n  terms of 3, 
a s  follows: 

t 

W e  sha l l  derive the Rosenbluth-Rostoker Hierarchy on the  basis  o f  t h i s  : I  
I 

equation i n  the  next section. I 
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V - 3  The Rostoker-Rosenbluth Expansion, and Correct ions t o  t h e  Boltzmann- 

V 1  asov Equation 

W e  s h a l l  examine more c r i t i ca l ly  t h e  assumptions made i n  t h e  de r iva t fon  

o f  t h e  Boltzmann-Vlasov Equation. The assumption t h a t  L i o u v i l l e ' s  equat io2 

i s  appl icable  t o  t h e  physical  system under cons idera t ion  is hardly open t o  

question. However, t h e  independent t r a j e c t o r y  assumption i s  not  on a firm 

b a s i s ,  and we s h a l l  i n v e s t i g a t e  i n  d e t a i l  t h e  c r i te r ia  of  v a l i d i t y  of  t h i s  

assumption (i.e., F = W) f j  ) as well  as e x p l i c i t  co r rec t ions  t o  t h e  

w 
Boltzmann-Vlasov equation. 

It i s  clear by now t h a t  i n  con t r a s t  t o  t h e  n e u t r a l  d i l u t e  gas case, 

we can a n t i c i p a t e  t h e  Ansatz o f  independent t r a j e c t o r y  ( i .e . ,  

t o  be v a l i d  provided only t h a t  t h e  parameter , a- I 

i s  very  l a r g e  compared t o  uni ty .  Following Rosenbluth and Rostoker, we 

s h a l l  expand t h e  so lu t ion  o f  L iouv i l l e ' s  equation i n  a power series i n  

&-' , and thereby o b t a i n  cor rec t ions  t o  t h e  Boltmann-Vlasov equation. 

I n  o rde r  t h a t  t h e  s i g n i f i c a n t  fea tures  w i l l  no t  be obscured i n  a morass 

o f  a lgebra,  we s h a l l  consider  a plasma t h a t  c o n s i s t s  of  only one spec ies ,  

w i t h  Coulomb i n t e r a c t i o n s  and without ex te rna l  f i e l d s  present .  For t h i s  

purpose,  we s h a l l  r e d e f i n e  t h e  S-par t ic le  d i s t r i b u t i o n  func t ion  by t h e  

formula 
f M  
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In  terms of  t h i s  new d e f i n i t i o n  of  F 6) (f), equation 5-1 of  Sec t ion  1 

can  be cast  i n t o  t h e  form 

One procedure,  which is equivalent  t o  

i n  terms o f  CL , involves  tak ing  t h e  
-1 

making a power s e r i e s  expansion 

limits (i.e. t h e  f l u i d  l i m i t s )  

remain f i n i t e  

- .  . .  

-. is-] -1 
where E”)  i s  of  o rde r  a r e l a t i v e  to bb . On s u b s t i t u t i n g  t h i s  

assumed form f o r  i n t o  equation ( 1, we ob ta in  
F @-) 
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(3) 
We no te  t h a t  i n  t h e  lowest order  of approximation F, (i.e.,  t h e  

S - p a r t i c l e  d i s t r i b u t i o n  func t ion  i n  the  zero th  o rde r  of  approximation), 

&-+W, so a l l  of  t h e  p a r t i c l e s  i n  the plasma are wi th in  a Debye r ad ius  

o f  each o the r  and consequently no p a r t i c l e  is sh ie lded  from t h e  Coulomb 

f i e l d  o f  any o the r  one. Thus, each p a r t i c l e  experiences fo rces  due t o  

a l l  of  t h e  o the r  p a r t i c l e s  i n  t h e  plasma, and t h e  few-par t ic le  c o l l i s i o n s  

a r e  completely n e g l i g i b l e  compared t o  t h e  Coulomb fo rces  produced by t h e  

overwhelmingly l a r g e  number of p a r t i c l e s  without shielding.  I n  t h i s  

approximation, we may assert 

i= 1 

where f, i s  t h e  s i n g l e  p a r t i c l e  d i s t r i b u t i o n  funct ion i n  the  l i m i t  oC+W. 

Although t h i s  assumption is  very similar t o  t h e  Ansatz of independent 

t r a j e c t o r y ,  it is  on a completely d i f f e r e n t  bas i s .  Since i n  t h e  present  
(S) 

formulat ion,  t h e  approximation of & ni(cE,t)is only t h e  f i r s t  
2= I -1 

term i n  a power series of a , f o r  which higher-order co r rec t ions  can 

be  obta ined  i n  a systematic  way; while on t h e  o the r  hand t h e  assumption 

o f  independent t r a j e c t o r y  used i n  connection with t h e  de r iva t ion  of t h e  

Vlasov-Boltzmann equat ion (from Liouvi l le !s  theorem) implies  no f u r t h e r  

c o r r e c t  ions.  

The equation s a t i s f i e d  by f, is c l e a r l y  given by 
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So that 

where 

The f i r s t  order correction to the Vlasov-Boltmann equation can 

be obtained by considering the solution of  the equation 

Consider f i r s t  the simple case o f  a two-part 
(2) -++ 

function F ( 5 , ~  ;i$,G;t): 

4 

E; $tl ' - '  7 

i c l e  d i s t  

5-3 - 

r ibut ion 

i = l  
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I. 

This  example suggests  t h a t  we may t r y  t h e  Ansatz ( f o r  1st o rde r  co r rec t ion  

o f  S-part i c l e  d i s t r i b u t i o n )  

where t h e  primes and double primes mean omit t h e  terms I =  # , and i= k, 
= k respec t ive ly .  

The equation s a t i s f i e d  by f, and p can be obtained by s t r a i g h t -  

forward s u b s t i t u t i o n  of  t h e  above Ansatz i n t o  t h e  equation 

s a t i s f i e d  by F, (5 ) 
f o r  t h e  two spec ia l  cases of  S = 1, and S = 2. 

For t h e  case S = 1, we o b t a i n  

where 
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For t h e  case S = 2, we ob ta in  

, 

I 

I 

where ( l t + 2 )  means r epea t  t h e  preceding term but  wi th  t h e  s u b s c r i p t s  1 

and 2 interchanged and where 37 i s  given by 

+ +  
F-F  

- / -2 __+ Eig --+)- 
a5 IC+~ 

V-4 Summary 

Ths developnent of plasma dynamics has  followed two d i f f e r e n t  

approaches. 

Bogoliubov-Green-Kirkwood-Yvon, and Rostoker-Rosenbluth. I n  t h i s  

The approach we presented here  so f a r  follows t h a t  of  Born- 

formalism, L i o u v i l l e ' s  equation is  f i r s t  i n t eg ra t ed  i n  terms o f  t h e  

S - p a r t i c l e  d i s t r i b u t i o n  funct ion,  (S << N) and t h e  r e s u l t  is  t h e  

f a m i l i a r  B-B-G-K-Y Hierarchy which r e l a t e s  t h e  S -pa r t i c l e  d i s t r i b u t i o n  

func t ion  t o  t h e  (S+ l ) -pa r t i c l e  d i s t r i b u t i o n  function. Rostoker and 

Rosenbluth have developed a s e r i e s  expansion i n  terms o f  t h e  parameter 

a -1 (where a= n J  , &'=js ) by t ak ing  t h e  f l u i d  l i m i t .  We 
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have seen t h a t  t h e  lowest order  of approximation i n  t h e  f l u i d  l i m i t  

g ives  t h e  Vlasov equation, and t h e  a cor rec t ion  i s  given by Eq. 5-3-1 

i n  terms of two p a r t i c l e  c o r r e l a t i o n  function. Another approach i s  

t h a t  due t o  Prigogine,  Balescu, etc. ,  of t h e  Belgian school. These 

authors  a l so  start  t h e i r  ana lys i s  from L iouv i l l e '  s equation; however, 

i n  c o n t r a s t  t o  t h e  approach w e  have followed, they f i r s t  i n t e g r a t e  t h e  

many p a r t i c l e  L i o u v i l l e ' s  equation by the  method of Fourier ana lys i s  

and Green's functions.  The so lu t ion  of t h i s  N-par t ic le  L iouv i l l e  

equat ion i s  then expanded by a diagramatic method similar t o  t h a t  used 

i n  f i e l d  theory and v i r i a l  expansions. The few-par t ic le  d i s t r i b u t i o n  

func t ion  i s  obtained by in t eg ra t ing  the  so lu t ion  of t h e  N-par t ic le  

L i o u v i l l e  equation. The genera l iza t ion  t o  include quantum e f f e c t s  is  

done by us ing  t h e  Von Neumann dens i ty  matrix and Wigner representa t ion .  

The f irst  order  pe r tu rba t ion  ca l cu la t ion  by using t h e  diagramatic  method 

g ives  t h e  Landau form of the  Fokker-Plank equation, which i s  obtained 

by t h e  replacement of t h e  zero on the  right-hand s i d e  of t h e  Vlasov 

equat ion with a c o i i i s i o n  term. These Fokker-Plank t e r n s  ? re  not 

assoc ia t ed  with t h e  smoothed-out microscopic f i e l d s  a l ready included 

on t h e  lef t -hand s i d e  of t h e  Ebltzmann-Vlasov equation, nor a r e  they 

a s soc ia t ed  with t h e  v i o l e n t ,  close-encounter binary c o l l i s i o n s  usua l ly  

descr ibed  by t h e  Boltzmann c o l l i s i o n  in t eg ra l s .  But r a t h e r ,  t h e s e  

Fokker-Plank terms are based on a mechanism t h a t  l i e s  between these  

two (i. e. t h e  d i s c r e t e  na tu re  of the  close-encounter c o l l i s i o n s  and 

t h e  continuum na tu re  i n  t h e  f l u i d  l imi t ) .  

d i s t a n t  -encounter c o l 1  i s  ions (Fokker -P1 ank terms ) may be in t e rp re t ed  

-f 

The mechanism f o r  t hese  
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a s  producing changes i n  t h e  d i s t r i b u t i o n  func t ion  as a r e s u l t  of gradual 

a l t e r a t i o n s  i n  t h e  p a r t i c l e  t r a j e c t o r i e s  due t o  many small-momentum- 

t r a n s f e r  o r  large-impact-parameter (and hence small angle)  s ca t t e r ings .  

Since such s c a t t e r i n g s  can occur only f o r  p a r t i c l e s  w i th in  a Debye 

sphere,  it is c l e a r  t h a t  t h e  Fokker-Plank equation is equivalent  t o  our 

This equivalence has been demonstrated by Bernstein 
1 

and Trehan. 

a- correc t ions .  
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